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Abstract. We consider the abstract Cauchy problem x = Ax, x(0) — xq € £>(A) for 
linear operators A on a Banach space X. We prove uniqueness of the (local) solution of 
this problem for a natural class of operators A. Moreover, we establish that the solution 
x(-) can be represented as a limit lim {F(t/n) n } in the weak operator topology, where 

n — >oo 

a function F : [0,oo) i— » £(X) satisfies F'(0)y = Ay, y G T>(A). As a consequence, we 
deduce necessary and sufficient conditions that a linear operator C is closable and its 
closure is a generator of Co-semigroup. We also obtain some criteria for the sum of two 
generators of Co-semigroups to be a generator of Co-semigroup such that the Trotter 
formula is valid. 
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1. Introduction. 
Chernoff 's Theorem can be formulated as follows (cf. [1], |3J). 

Theorem. Let F be a map from [0, oo) to the space of all continuous linear operators 
£(X) in a Banach space X; Z be a densely defined linear operator in X and the following 
conditions are satisfied: 

i) F(0) = I and there exists a G R, M > 1 such that ||F m (^)|| < Mexp(^s), for any 
n, m G N, s > 0. 

ii) P(F'(0)) D V(Z) and F'(0)/ = Z/, / G P(Z). 

iii) The closure of Z exists and it is a generator of Co-semigroup. 

Then F(t/n) n converges to exp (iC) as n — > oo in the strong operator topology uniformly 
with respect to t G [0,T] for each T > 0. 

One of the applications of Chernoff 's Theorem is the theory of the Feynman integrals 
(survey of this theory can be found in the book |8j). In the paper [5| Chernoff 's Theorem 
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has been used to prove the representation of the solution of the Schrodinger equation as 
the Feynman integral. Similar approach also has been used in [7], |6j. 

The main problem of application of Chernoff's Theorem is to check condition (iii). 
In this work we study the class Z of all densely defined operators Z that satisfy only 
conditions (i)-(ii) of Chernoff's Theorem. We can notice that condition (iii) implies 
the existence of a function F satisfying conditions (i)-(ii) for a given Z. Indeed, if 
condition (iii) is valid, then it is enough to put F(t) = exp(tZ), t G [0, oo). Thus, the 
natural problem is to find conditions that a linear operator Z G Z is closable and its 
closure is a generator of Co-semigroup. It turns out that conditions (i)-(ii) are sufficient 
for closability of an operator Z (see Theorem 13.11) . Furthermore, if there exists (local) 
solution of the abstract Cauchy problem x = Zx, x(0) = x G T>(Z), then this solution is 
unique and can be represented as a limit lim {F(t/n) n x } in the weak topology cr(X, X*) 

n— *oo 

(see Theorem 14.11) . Applying these results, we prove necessary and sufficient conditions 
that a linear operator A is closable and its closure is a generator of Co-semigroup (see 
Theorems I5.1I45T41 Corollaries I5.3I45T4T) . As a consequence, we deduce criteria for the 
sum of two generators of C -semigroups to be a generator of C -semigroup such that the 
Trotter formula is valid (see Corollaries 15 .1141x21 15.51) . 

2. Preliminaries. 

For any normed space (E, || • || E ) (on the field T G {R, C}) let £(E) be the space of 
all bounded linear operators in E with the topology of pointwise convergence (strong 
operator topology), I be the identity operator in E. For any linear operator A in E let 
T>(A) be the domain of A. Linear subspaces of E are considered as the normed spaces 
with the natural norms (i. e. the norms inherited from the normed space E). The dual 
space E* is the Banach space of all linear continuous functionals on E with the norm 

|| ■ ||e* defined by ||/||e* = sup f(x), x G E, for each / G E*. Further, we will omit the 

IMIe<i 

index of the space in the norm || • ||e- For any function S : [0, oo) i— > £(E) we denote by 
S* the function from [0, oo) to £(E) such that S*(s) = (S(s))* for each s > 0. 

Definition 2.1. We call the (strong) derivative at the point of a function 
S : [0,oo) i-> £(E) the linear map S'(0) : Z>(S'(0)) i-> E defined by S'(0)V> = 
limh- l {${h)tp -S{0)tp), ip G X>(S'(0)), where D(S'(0)) is the space of all ip G E such 

h—*0 

that the limit exists. 

Definition 2.2. The set 3\ a , M > 1, a G R, is the set of all functions F : [0, oo) h-> 
£(E) that satisfy the following conditions: 

(i) F(0) = I and ||F m (^)|| < Mexp(^s) for all n, m G N, s > 0. 

(ii) £>(F'(0)) is dense in E. 

Definition 2.3. The set 5e is the set of all functions F : [0, oo) i— > £(E) for which 
there exists M > 1, a G M such that F G 9^ . 

Remark 2.1. Condition (i) of Dehnition \2.2\ can be replaced by equivalent condition 
(i*): 

(i*) F(0) = I and ||F n (^)|| < Mexp(as) for all n G N, s > 0. 

Definition 2.4. The set Z is the set of all densely de&ned linear operators in E for 
which there exists FeJ E such that £>(Z) C 2?(F'(0)) and Zf = F'(0)/ for each f G V(Z) . 
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Definition 2.5. The function T : [0, oo) — > £(E) is called Co-semigroup if the follow- 
ing conditions are satished: 

1) T(0) = I, T(l + m) = T(/)T(m) for each I, me [0, oo). 

2) The function T is continuous. 

3) There exists M > 1, aGl such that ||T(s)|| < Mexp (as) for each s > 0. 
Definition 2.6. The linear operator Z is called the generator of Co-semigroup T if Z 

is the (strong) derivative at the point of the function T. 

It is a well-known fact that there exists one-to-one correspondence between Co- 
semigroups and its generators. The following results can be found in [2]: 

Statement 2.1. Let E be a Banach space. Assume that the function T : [0, oo) — > £(E) 
is Co-semigroup. Then £>(T*'(0)) is *-dense in E*, where T*'(0) is the (strong) derivative 
at the point of the function T*. 

Statement 2.2. Let E be a reflexive Banach space. Assume that the function T : 
[0, oo) — > £(E) is Co-semigroup. Then the function T* is also C -semigroup and its generator 
T*'(0) = (T'(0))*. 

In the paper we assume that X is a Banach space and B is a reflexive separable Banach 
space or a Hilbert space. 

3. CLOSABILITY OF OPERATORS FROM CLASS Z. 

Proposition 3.1. Assume that F e 5x, t > and {nk}^ =1 is an increasing sequence of 
natural numbers. Then for any separable closed linear spaces $ C X, \& C X* there exists a 
subsequence {gk}kLi of the sequence {rik}^^ such that there exists 

(3.1) lim ({F(t/gk)} [9kS] g,d>) 

fc^oo 

for any g 6 <f> e ^ and s > 0. Furthermore, if such subsequence {gk}kLi is chosen, then 
the family of the functions T s : $ x ^ h-> T, s > 0, defined by 

(3.2) T.(g,4>)= lim ({F(t/^)} [9fc %0), 
satisfies the following conditions: 

a) T s (g,(j)) is linear w.r.t. g and <fi and the following inequality is satisfied 

||T a (5^)||<Mexp(os)||(/|||H|, s>0. 

b) T s (g,(f>) is continuous w.r.t. s for any g G G ^ and the continuity is uniform w.r.t. 
G T, where T is a bounded subset of 

c) If / G $ n P(F'(0)) and F'(0)/ G $ then there exists 

(T s (/,0))l = T s (F'(O)/,0) 

for each s > 0, ^ G f uniformly w.r.t. G T, where T is a bounded subset of 

d) Assume G £>(F*'(0)) and F*'(O)0 G Then 

/m 
T s (f,F*'(0)(j>)ds, m,l>0, 

for any / G $. 
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e) If G D(F*'(0)) and F*'(O)0 G then 

(T,(/,0)): = T,(/,F*'(O)0), s>0, 

for any / G $. 

Now we will formulate some auxiliary lemmas. 

Lemma 3.1. Assume that F G ITj^ a , M > 1, and a = 0. Then there exists 

limi/fc^o (F^t/fc) -I)s = 0,i,ieN, for any jgX. 

Remark 3.1. The limit in Lemma I3J1 is considered as a limit w.r.t. the filter base 
consisting of the sets of the form {(i, k)\ \t\ < e, i, k G N} 3 e > 0. 

Proof of Lemma \3.1i If g G P(F'(0)), then the following chain of the inequalities is sat- 
isfied: 



< ziM||^%^|| <zi2M||F'(0) 5 ||, 

h 

where k > ko(g). Therefore, we have 

lim (F i (t/k) — T)g = 0. 

i/k^O 

If g £ P(F'(0)), then for any e > there exists g' such that \\g — g'\\ < e/2M and 



||limsup(F(t/fc) -%|| < ||limsup(F*(t/£;) -l)(g-g')\\ 

i/k^O i/k^O 

+ ||limsup(F(t//c) -T)g'\\ <e 

i/k^O 

Since e is arbitrary the Lemma is proved. □ 

We can immediately deduce the following Lemma from Lemma GLU 
Lemma 3.2. Assume that F G 9^ a , M > 1, and a = 0. Then for any j 6 X there 
exists lim (F^t/Jfe) - ¥ l (t/k))g = 0, i, Z, fc G N. 

1 1 — / / /c | — ^0 

Remark 3.2. The limit in Lemma [Ql is considered as a limit w.r.t. the hlter base 
consisting of the sets of the form {(i, I, k)\ < |M| < e, i, k, I G N} ; e > 0. In the same 
sense we will consider the limit in Lemma \3.Sl 

Lemma 3.3. Assume that F G 3^ a , M > 1, and a = 0. Then for any g G P(F'(0)) 
there exists 

lim (F'(«A) - F'(^)) g „,„,„„ 

i,Ue N. 



Proof of Lemma \3.3[ We have the following chain of the inequalities 
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lim *up ii (FI (£ff )9 - ( FminW) (l)) F '(%ii 

\i-l/k\-*0 

< Mlimsup |1 (Fli ^ ( |I" I)g - F> (°)9\\ < Mlimsup |[ (Fi( |j~ I)g - F'(0)g\\ 



\i-l/k\-+Q 1 ,k i/k^O 

F (D" 1 +-+ I \ ^ F (|)g-3) 

F(|)<- 1 +-+In 



< Mlimsup ||( F(ir " + - +I )(^^-F-(0)g) 



+ Mlimsup || ( (k> . + " + )F'(0)fl - F'(0)g 

i/k^O 

< limsupM 2 ||(^i^-F'(0)^)|| 

i/k^O k 



r2||/(F (|)g-g ) 

k 

(F(|r i -i)+-+(i-i)^ 



+ Mlimsup ||( ^ )F(0)g\\ = 0, 

where the last limit is equal to by Lemma 1. □ 

Proof of Proposition fOl We consider only the case a = 0. The case can be easily 

reduced to the case a = by examining F(s) exp(— as) instead of F(s). 

We can choose a subsequence {gk}k%i °f the sequence {n^}^ such that for any non- 
negative rational r there exists 

lim ({F(t/g k )}^g,<f>), g E C, G D, 

fc^oo 

where C and D are dense countable subsets of $ and \& respectively. Indeed, it is possible 
to find such subsequence because 

\\{F(t/n k )}^\\ < M 

and we have a countable number of conditions on the sequence {g k }kLi- Hence, it follows 
from the density of C in $ (and the density of D in that there exists 

lim ({F(t/9k)} [9kr] 9,<P) 

k—*oo 

for any g E $, (f) E Let us show that the last limit exists for any real number r > 0. 
Fix r > 0, z E and e > 0. Put e = e/3||z||. We can choose e (g, e ) such that 

\\(F\t/k)-F\t/k))g\\<e\ 

when \(i — l)/k\ < e ,i,l,k E N. Indeed, the existence of e" follows from Lemma [3721 
Choose also a positive s E Q such that |r — s| < e /2. There exists fco 6 N such that 
2/g ko < e /2. Now it follows from the existence of the limit 

\im{(F(t/g k )}^g,z) 

k^oo 

that we can find n > k such that for any l,m > n 0l l,m E N, we have the following 
inequality 

\(({F(t/ 9l )}^ - {F(t/g m )}^)g,z)\ < e/3. 
Therefore, we get the following chain of the inequalities 
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|(({F(t/0,)}bri - {F(t/g m )}^)g,z)\ < \(({F(t/ 9l )}^ 
- {F(t/ gi )}^)g,z)\ + \(({F(t/ 9l )}^ - {F(t/g m )}^)g,z)\ 
+ \(({F(t/g m )}^ - {F(t/g m )}^)g,z)\ < e/3 + e/3 + e/3 < e, 
where we have used the fact that 

Itfiwr] - [#ns]|/5Vi < Ifl'n^ - 9n s\ + 2/g n < e", n > k . 
As a consequence, we get that there exists 

lim ({F(t/<fo)}k*4<7,0), s > 0, <? G $, G tf. 

K— +00 

Thus, the first part of Proposition 13.11 is proved. 

Now let us consider parts (a) - (e) of Proposition 13.11 

(a) Part (a) immediately follows from the definition of T s . 

(b) Fix g G <3>. It follows from Lemma [3721 that for any e > there exist h > 0, k G N 
such that 

|({F(t/s fe )}^W) " ({F(*/^)} fe %0)| < e|M|, 
for any \h\ < h , h > — s, k > k , k G N. Letting k — > oo, we get the inequality 

\T s+h (g, ( j ) )-T s (g, ( j ) )\<e\\ ( j ) \\. 

From the arbitrariness of e we easily infer part (6) of Proposition 13.11 

(c) Assume that / G $ n Z>(F'(0)) 3 F'(0)/ G $. It follows from Lemma O that for any 
e > there exist h > 0, k G N such that 

\(F^(t/g k )f,<j>) - {F^\t/g k )f^)-t/g k {[g k \] - \g k s -f]) 
x (F min([ Sfcf ] )[s ^]) (t/5fc)F / (o)/)0) | < e || ||| kf ] _ [^[J- 

for any < h , h > — s, k > k , k G N. Letting k — > oo, we get the inequality 

||T s (/,0) -T s+h (/,0) -/iT min(S)S+ft) (F'(O)/,0)|| < e|fc|||0||. 
From the arbitrariness of e we deduce part (c) of Proposition 13.11 

(d) Assume that G £>(F*'(0)), F*'(O)0 G Fix e > and m > I. Choose r , j such 
that 

\\F(t/g k ) [9 ^ ] )f - F(t/g k ) [9kh - ] )f\\ < e, k > j , \g - h\ < r„, < g, h < m. 
The existence of such r , jo follows from Lemma [3721 Hence, we have 
(3-3) |T A (/, F*'(O)0) - T s (/, F*'(O)0) | < 6, 

where |g — /i| < r , < g, h < m. Therefore, we get 

I T i+»(m-n/M F*'(O)0)((m - 1)/vq) 

v=0 

/m 
T s (f,F*'(0)<f>)ds\<e\m-l\, 
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v = [{m — l)/r ] + 1. Choose ji > j such that 

\T l+v{m „ l)/V0 (f,F*'m) - {nt/9k) [9k{l+v{m - l)/vo)/t] f^\m\ < * 

for any v & {0,1, ... , v }, k > j±. Thus, 

DO — 1 

(3.5) | Ti+v(m-i)/v (f, F*'(O)0)((m - l)/v ) 

VQ—1 

(3.6) - ((m-l)/v ) {nt/9k) [9k{l+v{m - l)M/t] f^\m)\ <e\m-l\. 
Now we notice that 

(3.7) T m (f, <P) - T,(/, 0) = Km (F(ff^ ] f - F(^)^ 1 /, 0) 
(3-8) = Km ((F(£) - imff^- 1 + ■■■ + F(j-f^ ] )f, 0) 
(3.9) = Km diFiff^- 1 + ■■■+ Vij-y 1 )/. ±(F-(£) ~ Q0 
(3-10) = Km (iiFij-f^ 1 + ■■■ + F(j-f^ ] )f, F*'(O)0) 

(3.H) = fe li^^^(F(^) [fffe( ' +s( i ))A1 /,F*'(O)0) 

s=0 

(3.12) = Km]T £ ^(F(i)^ (/+ ^ ))/tl /,F*'(O)0), 

where c4 = [{m — l)gk/t] and 

&h,v,v = {s EN\ v(m - l)/v < st/g k < (v + l)(m - l)/v Q }. 
So, by inequality (I3.3p and equalities ( 13.71) — (13.121) . we get 

(3.13) |T,(/,0) + X) ( F (^) "° )A1 /, F*'(O)0)(^)-T m (/, 0)| 

d=0 

(3-14) = |Km£ £ i(F(i) [ - ( ' +s( - ))A] /,F-(O)0) 

v=0 s£~B k v v 



"0 



(3-15) (^)E( F (i) [9fc( ^ m ^ / ^' F "(°)^l 



w=0 



(3.16) < £|Km £ i(F(^)^ ( ' +s ^ ),/t V,F-(O)0) 

(3-17) - ^{F{^) [9k{l+v ^ )/t] fX\m)\<ev^. 
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Combining inequalities (Q, — and (EU3D — (KTTh . we get 

/m 
T.(/,F*'(u»tfc| <3e|m-/| 

From the arbitrariness of e we deduce part (d) of Proposition I3.ll 
(e) Part (e) is a direct consequence of parts (b) and (d). 



□ 



Proposition 3.2. Assume that F G ^x- Then the operator F'(0) is closable. 

Proof of Proposition EE It is enough to show that the existence of the limits 

lim f n = 0, lim F'(0)/ n = h, h E X, 

for any sequence {f n }^ =l , f n G £>(F'(0)), imply that h = 0. Indeed, it immediately 
follows from Lemma 1.8, p. 7 in [2]. We will argue by contradiction. Assume that h ^ 0. 
Then there exists <p G X* such that (/t, 0) 7^ 0. Let B be the closure of the linear span 
of the elements /i,F'(0)/j, i G N. Then, according to Proposition 13.11 there exists an 
increasing sequence {5%}^, <7/c G N, such that we can define the family of the functions 
T s : $ x * T, s > 0, by formula (l3~2l) with $ = B and * = {0}. Hence, we have 

(T s (/ i ,0))l = T s (F / (O)/,,0) 
for any i G N. Therefore, we get 

(3.18) T,{f i ,<f>)-{f i ,<f>)= f T t (F'(0)fi,4>)dt,ieK 

Jo 

Letting i — > 00 in expression (13.181) . we get the equality 

T S (O,0) - (0,0) = / T r (h,(j))dr = 0,s > 0. 
Jo 

Indeed, it immediately follows from (13 . 1 8H and the uniform continuity of the family 
{Ti(-,4>)\1 G [0, s]}. Hence, we get 

(3.19) ( / T t (h, 0) eft)', = T a (h, 4>) = 0, s > 0. 

JO 

Put s = in (13.191) . Consequently, we have 

T,(M) = (M) = o. 

Thus, we get contradiction with the assumption h ^ 0. □ 
As a consequence of Proposition 13.21 we get 

Theorem 3.1. Let F G S^c- Assume that a linear operator Z has the domain T>(Z) C 
£>(F'(0)) and 

Z/ = F'(0)/, 

for any / G £>(Z). Then Z is closable. 
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4. CHERNOFF TYPE FORMULA FOR SOLUTION OF THE ABSTRACT CAUCHY 

PROBLEM. 

Lemma 4.1. Suppose that the assumptions of Proposition 13.11 are satisfied. Assume also 
that fi £ X>(F'(0)) n $, F'(0)/i G $ for any % £ N. Furthermore, suppose that 

lim fi = h, lim Zf { = g. 

i—roo i— +oo 

Then 

(T s (h,<f>))' s = T s (g,<f>), s>0,^f. 



Proof of Lemma \4-l\ Notice that in the equalities 

rs+l 

lim/ _1 (T s+ i(/i,0) - T s (f h (f))) = lim/" 1 / T m (Z/j, <f>) dm = T s (Zf h (f)) 

we have the uniform convergence w.r.t. i £ N because there exists 

lim Zfi = h 

i—KX 

and the family of the functions {T;(-,0)| I G [0, s]} is uniformly continuous. Therefore, 
T s (fiS0) = lim limr^Ts+^/i,^) - T a (fi,<j>)) 

i—>oo I— >0 

= lim lim r 1 (T s+ i(/ i , 0) - T s (/j, </>)) 

Z— >0 i— >oo 

= limr 1 ^,^, 0) - T a (/i, 0)) = (T s (/i, 

□ 

Lemma 4.2. Suppose that the assumptions of Proposition 13.11 are satisfied. If / G 

£>(F'(0)) fi $ and F'(0)/ G $, then 



(T.(/,0))„ = T.(F'(O)/,0), S >0,^6*. 



Proof of Lemma \4~J$ Since / G D(F'(0)), we see that there exists a sequence 



/< G X>(F'(0)), such that lim fc = f and 



lim F'(0).A = F'(0)/. 

Let $' be the minimal closed space such that $ C $' and F'(0)/j G for all i G N. 
Then, according to Proposition ^. 11 we can choose a subsequence {mk}^? =1 of the sequence 
{gk}kLi such that we can define the family of the functions T] : ($', i— > T, s > 0, by 
the equality 

T l s (g,<f>) = lim ({F(t/m A )} [m *%0), g G G 

fc— »OC 



Thus, it follows from Lemma I4T1 (applied with parameters h = f, g = F'(0)/) that 

= TiOF^CDj/, 0), S >0. 
Since the restriction of T 1 to the set $ x \I> is equal to T s we have 



(T s (/,0)) s = T s (F'(O)/,0), s > 0, (j) £ ty, 
and the Lemma is proved. □ 
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Proposition 4.1. Suppose that F G $x and t, I > 0. Assume also that there exists a 
local solution / : [0, /) i-> £>(F'(0)) of the system 



(4.1) /'(a) = F'(0)/(s), s G [0, I), 

(4.2) /(0) = S 6D(F(0)). 
Then this solution is unique and 

(4.3) f(s) = w- lim {F(t/n)} [n % s G [0, Z). 

n—*oo 

Proof of Proposition ^. 1\ Let /(s), s G [0, Z), be a local solution of system (14. 1| - (14. 2D . 
Then for any r G Q l~l [0, Z) there exists a sequence {x^}^ =1 , x r n G Z>(F'(0)), such that 

lim x r n = f(r) 

and 



n 

n—>oo 



lim F'(Q)x r n = F'(0)/(r). 

rt^oo 

Let B be the minimal closed linear subspace of X such that x r n G B for all r G Q D 
[0, I), n G N. Hence, /(s) G B for all s G [0, Z) and, consequently, F'(0)/(s) G B for 
all s G [0, Z). For any G X* let us choose a subsequence {g^}^ of an arbitrary 
increasing sequence {n/J^, n k G N, such that we can define the family of the functions 
T s : $ x * T, s > 0, by equality (Q with $ = B, * = {0}. From Lemma O it 
follows that 

{T 8 {f{v),</>))' a = T s (F(O)/(<;),0), s, « G [0, Z). 



So, by Proposition 13. 11 

(T.(/( V -5),0)); = ]ima- 1 {T s+a (f{v-a-s),<t>)-T s (f{v-s),<t>)) 

a— >0 

= lim a -1 (T a+B ((/(i; - a - s) - f(v - s)), 0)) 
+ lim a^CW/^ -8),<f>)- T s (f(v - s), 0)) 

a— >0 



= T a (F'(0)/(« - s), 0)) - T a (F'(0)/(v - s), 0) = 0, 

for f G (0, Z), s G (0, v). As a consequence, the function T s (f(v — s),0) is a constant 
w.r.t. s. Thus, 

T v (g,(f>) = (f(v), < t>), ve[0, I). 

Now the existence of limit (14.31) follows from the arbitrariness of the sequence {nfe}^ 
for any fixed G X*. Therefore, / is unique. □ 

As a consequence of Proposition 14. 11 we get 

Theorem 4.1. Assume that Fe J x and i, Z > 0. Assume also that a linear operator Z 
has the domain P(Z) C £>(F'(0)) and 

Zf = F'(0)/, / G P(Z). 

If there exists a local solution / : [0, Z) i— > £>(Z) of the system 

f'(s) = Z/(a),jG[0,0, 
/(0) = S6D(Z), 
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then the solution is unique and 

f(s) = w- lim {F(t/n)} [n % s G [0, I). 

n^oo 

Remark 4.1. The existence of the closure of Z in Theorem \4.1\ follows from Theo- 
rem \3.1[ 

Corollary 4.1. Assume that the conditions of Theorem 14. II are satisfied. Then 

f'(s) = w- lim {F(t/n)} [n ^Z/(0), s G [0, I). 

n—foo 

Proof of Corollary \4.1\ Define the set B as in the proof of Proposition 14. 1L For any G 
X* choose a subsequence {gk\kLi of an arbitrary increasing sequence {nfc}^, n& G N, 
such that we can define the family of the functions T s : $ x \I> i— > T, s > 0, by equality 
(f3T2|i with $ = B, \1> = {(f)}. From Lemma [42] and Theorem [4J] it follows that 

(f'(a),<f>) = lim ({F(t/^} [9fcfl Z/(O),0), s G [0, I). 

fe— +oo 

Since {ra fc }^ =1 is arbitrary for any fixed G X*, the Corollary is proved. □ 

5. Criteria for closure of operator to be a generator of Co-semigroup. 

Lemma 5.1. Let F G SFx- Assume that for some t, I > and set $ C X there exists an 
increasing natural sequence {gk}kLi sucn that there exists the limit 

(5.1) w- lim {F(t/g k )}^g, 

k— >oo 

for any g G $ and any rational s G [0, /). Then limit (15.11) exists for any <? G span{$}, 
s G [0, I). Furthermore, the family of the operators T s : span{$} i— > X, s G [0, /), defined 
by 

(5.2) T S (7 = w- lim {F(t/g k )}^g, 

k^oo 

satisfies the following conditions: 

a) T s g is linear w.r.t. g and there exist M > 1 and a G M such that 

||T S <?|| < Mexp(as)|M|, sG [0, I). 

b) T s g is continuous w.r.t. s G [0, I) for all g G span{$}. 

c) If / G span{$} n £>(F'(0)) and F'(0)/ g span{$}, then there exists 

(T s f)' s = T.F'(O)/, s G [0, I). 

d) If G £>(F*'(0)), then 

(T m f, 0) - (T p f, 0) = / (TJ, F*'(O)0) ds, m, p G [0, /) 

for any / G span{<3>}. 

e) If G P(F*'(0)) , then (T,/, 0)' s = (T J , F*'(O)0) , s G [0, I), for any / G span{$}. 

f) If / G span{$} nD(F'(0)), F'(0)/ G span{$} and £>(F*'(0)) is *-dense in X*, then 
T s f G £>((F*'(0))*), s G [0, I), and the following statements are valid: 

1) £>((F*'(0))*) D £>(F'(0)), (F*'(0))7 = F'(0)/. 

2) (T s /)' s = (F*'(0))*T s / for all s G [0, Z). 
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Proof of Lemma HOI The existence of limit (15.11 ) for any g G span{$}, s > can be 
proved similarly to the first part of Proposition 13.11 Part (a) is trivial. Parts (b) - (e) 
easily follow from Proposition GLU Let us show part (f). We can notice that the following 
chain of the equalities can be deduced from parts (c) and (e) 

((TJ,g))' s = (T s F'(0)/,<?) = (T S /,F*'(0)<7), g G D(F*'(0)). 

Thus, by *-density of £>(F*'(0)) in X*, we get TJ G £>((F*'(0))*) and (F*'(0))*T s / = 
T s F'(0)/ for each s > 0. From this it follows that / G X>((F*'(0))*) and (F*'(0))*/ = 
F'(0)/. Hence, by part (c), we get that (TJ)' S = (F*'(0))*TJ. □ 

Theorem 5.1. Let F G ^x- Assume that a linear operator Z has the domain V(Z) C 
£>(F'(0)) and 

Zf = F'(0)/, f G V(Z). 

Assume also that A C V{Z) is a dense linear subset of X and there exists a fixed / > such 
that there exists a local solution / : [0, /) t— > T>(Z) of the system 

(5.3) f'(s) = Zf(s), s G [0, I), 

(5.4) /(0) = / 

for each / G A. Then Z is closable and Z is a generator of Co-semigroup S. Furthermore, 
the following equality is satisfied: 

(5.5) S{t)f = lim F{t/n) n f, t > 0, 

n— >oo 

for all f eX. 

Proof of Theorem \5.1[ By Theorem 14.11 there exists the limit 

(5.6) w- lim F(t/n) [ns/t] f, sG [0, I), 

n— >oo 

for each / G A. From the density of A in X and Lemma (15.11) we easily infer that there 
exists limit (JEBJ for each / G X. Put G(s)f = w-hm,^^ F(t/n) [ns/t] f , s G [0, I), f G X. 
From the uniqueness of the local solution of system (I5.3p - (I5.4I) we infer that 

(5.7) G( Sl )G(s 2 )/ = G( Sl + s 2 )f, Sl , s 2 , Sl + s 2 e [0, /), 

for each / G A. From this and part (a) of Lemma (15. ip it follows that equality (I5.7B is 
valid for each / G X. Define the function S : [0, oo) i— > >C(X) by the equality 

S(s) = {G(//2)} [2s//] G(s - [2s//]//2), s > 0. 

Then, from parts (a), (b) of Lemma (15.11) and the definition of S we easily infer that 
the function S is Co-semigroup. Furthermore, from part (c) of Lemma (15.11) it follows 
that V(Z) C X>(F'(0)) C D(S'(0)) and, by the closedness of S'(0), Zf = S'(0)/ for each 
/ G P(Z). Let us show that D(Z) = X>(S'(0)). Fix 9 gA. Then 

fc=i 
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and, by properties of Co-semigroups, there exist the limits 

lim y^S(A#0 = [ S S(t)gdt, 
k=l JU 

n rs 

lim zViS(^) S = / S(t)Zgdt = S(s)g-g, s e [0, 1/2]. 

k=l JU 

Thus, by the closedness of Z, we get that f* S(t)gdt G V(Z) and 

Z / S(t)»dt = S(s) S - S . 
Let / G X. Choose a sequence /n G A, such that lim f n = f. Then, by 

n— »oo 

properties of Co-semigroups, there exist the limits 

lim / S(t)f n dt= [ S(t)fdt, 
™- >0 ° Jo Jo 

lim Z / S(t)/ n dt = lim S(s)/„ - f n = S(s)f - /, s G [0, 1/2]. 

Then, by the closedness of Z, 

/ S{t)fdtev(z) 

Jo 

and 

z r${t)fdt=$( s )f-f 

Jo 

for s G [0, Z/2]. Notice that for / G £>(S'(0)) there exist the limits 

lims- 1 f S(t)fdt = f, 
Jo 

lims" 1 ^ f S(t)fdt = lims- 1 (S(s)/ - /) = S'(0)/. 

s^O J Q s^O 

So, by the closedness of Z, / G T>{Z). Thus, Z is a generator of C -semigroup S and, by 
Chernoff's theorem, we get equality (15.51) . □ 

Theorem 5.2. Let Z be a densely defined linear operator in X and t > 0. Then Z is 
closable and its closure is a generator of C -semigroup if and only if there exists a function 
Fg? x such that: 

i) V(F'(0)) D V{Z) and F'(0)/ = Zf, f G V(Z). 

ii) D(F*'(0)) is *-dense in X*. 

iii) There exists a dense linear subspace A C V(Z) such that for any / G A, s > there 
exists a subsequence {fn}%Li> fn e ^(Z), that satisfies the following conditions: 

a) lim ||FM(l)/_/.||=o. 

n—*oo 

b) It is possible to choose a weakly convergent subsubsequence for any subsequence of the 
sequence {/*} n eN- 

c) It is possible to choose a weakly convergent subsubsequence for any subsequence of the 
sequence {Z/*} neN . 
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Furthermore, if conditions (i)-(iii) are satisfied, then exp (sZ)/ = lim^oo F(s/n) n f, s > 0, 
for all / G X. 

Proof of Theorem \5.!!A If Z is a generator of C -semigroup and F(s) = exp (sZ), s > 0, 
then it is easy to check that conditions (i)-(iii) are satisfied. Indeed, it follows from 
Statement 12. II that conditions (i), (ii) are satisfied. Put A = P(Z). We can notice that if 
/ G A, then exp (sZ)/ G T>(Z). From this we infer condition (iii). Now let us show that 
conditions (i)-(iii) imply that Z is a generator of Co-semigroup. Let {sk}^ = i be a sequence 
of all nonnegative rational numbers. Fix / G A and an increasing sequence {nj}^ 1 of 
natural numbers. For each % G N let the sequence {fn}%Li satisfy condition (iii) for and 
/. Choose a subsequence {n\}°^ zl of the sequence {rii}^ such that there exist the limits 
w- lim f s { and w- lim Zf s {. Then, it follows from part (a) of condition (iii) that there ex- 

ists the limit w- lim Y^ Sl \t/n\)f . Similarly, choose a subsequence {nf} of the sequence 

{n}} such that there exist the limits w- lim f%, w- lim Z/ S l, w- lim F' n i S2 '(t/n?)/ '. In 

the same way, for any natural > 3, we choose a subsequence {nf}^ of the sequence 
{n^ -1 }^ such that there exist the limits w- lim w- lim Z/ S j:, 10- lim F^^t/nf)/. 

Then we can consider the diagonal sequence {n\\ c *l l and deduce that there exist the lim- 
its w- lim / s *, w- lim Z/ S f, to- lim F^ n i Sk \t/nl)f for any fceN. Choose now a sequence 

{<7z}^i, G A, such that lim = F'(0)/. Choose a subsequence e?& of the sequence 

fe^oo 

{n^}^ =1 such that there exists the limit w- lim Y^ dlSk \t/ di)g m for any k, m G N. Let 



B = span{{/}U{0fc|A;eN}}. 
Then it follows from Lemma f5.ll that there exists the limit if- lim Ft d * s l(t/c?j)p for any 

i— >oo 

s > 0, p G B. Define 

T s p = w- lim F [rfis] (t/di)p, </ G B. 

i— »oo 

From the coincidence of the weak closure of Z with the closure in the strong topology 
it follows that T s / G T>(Z) for any G N because there exist the limits w- lim /J fe , 

u>- lim Z/f* . From part (f) of Lemma EH] and the closedness of the operator (F*'(0))* we 

i— >oo * 

infer that 

(TJ)1 = ZTJ 

for any rational s > 0. Further, we can choose for arbitrary m > a sequence {m^}, 
m,eQn [0, oo), such that linii_ +00 mi = m. Then 

lim T m J = T m f 

i— >oo 

and 

lim ZT m J = lim (T s f)' f = lim T mi Z/ = T m Z/. 

J^OO i— >oo J— >oo 

Therefore, by the closability of Z, T m / G £>(Z) and 

(TJ)1 = ZTJ 
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for all s > 0. Consequently, T s / is a solution of the equation 

f'(s) = Zf(s) 

with the initial condition /(0) = /. Thus, Theorem 15.11 implies that Z is the generator 
of Co-semigroup S such that 

S(s)/ = lim F{s/n) n f, s > 0, 

n— »oo 

for each / G X. □ 

Theorem 5.3. Let Z be a densely defined linear operator in X and t > 0. Assume also 
that there exists a function FeJx such that: 

i) D(F'(0)) D P(Z) and F'(0)/ = Zf, f G P(Z). 

ii) D(F*'(0)) *-dense in X*. 

Then operator Z is closable and its closure is a generator of Co-semigroup iff there exists a 
dense linear subspace A C P(Z) such that for all / G A, s > there exists a sequence 
{/n)v=i. G T>(Z), satisfying the following conditions: 

a) lim ||FM(i)/_/.|| =0 . 

n— *oo 

b) It is possible to choose a weakly convergent subsubsequence for any subsequence of the 
sequence {Z/*} neN . 

c) It is possible to choose a weakly convergent subsubsequence for any subsequence of the 
sequence {/*} n6 N- 

Proof of Theorem \5.3l (=>) If operator Z is closable and its closure is a generator of Co- 
semigroup, then, by Chernoff's Theorem, it is enough to put A = V{Z) and choose 
sequences {/^}^L > fn^-A-, s > 0, such that there exist the limits lim P = exp (sZ)f, 

lim Z/ n * = Zexp(sZ)/. 

n— »oo 

(<=) It follows from Theorem 15.21 

□ 

Corollary 5.1. Let t > 0. Assume that C and D are generators of C -semigroups 
exp (sC) and exp (sD) in X. Assume also that there exists a set B C V((exp(sC)*)' s=0 ) H 
D((exp(sD)*)' s=0 ) and the following conditions are satisfied: 

i) D(C) nD(D) is dense in X. 

ii) B is *-dense in X*. 

iii) There exist a G R and M > 1 such that 

||{exp(^C)exp(^D)n| < Mexp(a S f) 

for all n, m G N, s > 0. 

iv) Function g(s,x) = exp (sD*)x, s > 0, x G X, is continuous at s = for x G 

(exp( a C)*)Uo(B). 

Then the sum of C and D is a closable operator and its closure is a generator of C -semigroup 
iff there exists a dense linear subspace A C V(C) n V(D) such that for all / G A, s > 
there exists a sequence {/*}^L 1 , G £>(C) flP(D), satisfying the following conditions: 

a) lim ||( eX p(iC)e 3 q>(£D))M/_/-|| = . 

n— »oo 

b) It is possible to choose a weakly convergent subsubsequence for any subsequence of the 
sequence {f%}™ =1 . 
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c) It is possible to choose a weakly convergent subsubsequence for any subsequence of the 
sequence {(G + D)/'}^. 

Furthermore, if conditions (a)-(c) are satisfied, then 



exp (s(C + D))/ = lim {exp (±C) exp (±D)} B /, a > 0, 

ri— >oo '* 

for all /GX. 

Proof of Corollary \5.1[ Let F(s) = exp(sC) exp(sD). Since 

]ims _1 (F(s)/ - F(0)/) = lims -1 (exp(sC) exp(sD)/ - exp(sC) /) 

+ lims-^exp^C)/ - /) = C/ + D/, / G V(C) n Z>(D), 



and 



lims- 1 (F*(s) - F(0))/ = lims- 1 {(exp(sD))*(exp(sC))* - (exp(sD))*}/ 
+ lim S - 1 {(exp( S D))7 -/} = lim(exp(ro))*(exp( S C)*) , | s=0 / 

+ (exp( S D)*)'| s=0 / = (exp( S C)*) W + (exp( S D)*)'| a=0 /, / G B, 

we infer that X>(F'(0)) is dense in X and V(F*'(0)) is *-dense in X*. Therefore, we can 
apply Theorem 15.31 with Z = C + D. □ 

Lemma 5.2. Let F G SFx- Assume that for some t > and set $ C X there exists an 
increasing natural sequence {gk}kLi such that there exists the limit 

(5.8) lim {F(t/g k )}Mg 

k — >oo 



for any g G $ and any nonnegative rational s. Then limit (15.81 ) exists for any g G span{$}, 
s > 0. Furthermore, the family of the operators T s : span{$} i— ► X, s > 0, defined by 



T S = lim {F(f/<fc)} fak % 

fc— >oo 



fe— >oo 

satisfies the following conditions: 

a) If T a f G span{$} for some s > 0, then 

T s+ ,/ = T,T,/, / > 0. 



b) Let / G span{$} n Z>(F'(0)) and F'(0)/ G span{$}. Assume also that there ex- 
ists a sequence { f n }™= i, fn € span{$} n P(F'(0)), such that lim n _ >00 / n = / and 
lim^ooF^O)/^ = F'(0)/. Then there exists 



(TJ) S = T s F'(0)/, s > 0. 



c) Let T J G span{$} n D(F'(0)), / G span{$} n P(F'(0)) and F'(0)T s J , F'(0)/ G 
span{$} for some s > 0. Assume also that there exists a sequence {f n }^Li, fn G span{$}n 
V(F'(Q)), such that lim^U = TJ and lim^ F'(0)/„ = F^TJ. Then there exists 



(T s f) s = F'(0)TJ, s > 0. 



Proof of Lemma HOI The existence of limit (15.8H for any (7 G span{$}, s > can be 
proved similarly to the first part of Proposition 13.11 
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(a) Part (a) follows from the chain of the equalities: 

T,TJ = lim {F(t/g k )}^TJ = lim {F(t/g k )}^(T a - {F(t/g k )}^)f 

+ lim {F(t/g k )}^{F(t/g k )}^f = lim {F(t/g k )}^+^f = T l+S f 

fe— >oc fe— >oc 

(b) By part (c) of Lemma I5TT1 we have 

T J - T r f = lim TJ n - T r f n = lim f T,F'(0)/» dl = f T^F^O)/ dl 
for any r, s > 0. From this we easily infer part (b). 

(c) From part (c) of Lemma 15.11 and parts (a), (b) of Lemma 15.21 it follows that 



(T s /) s = T,F'(0)/ = limi" 1 ^/ - TJ) = jim/" 1 ^, - I)TJ = F'(0)TJ. 



□ 



The following two results are respectively extensions of Corollaries 4, 5 from [4]. 

Theorem 5.4. Let Z be a densely defined linear operator in X and t > 0. Assume also 
that there exists a function FeJ x such that £>(F'(0)) D D(Z) and F'(0)/ = Zf, fe V(Z). 
Then operator Z is closable and its closure is a generator of C -semigroup iff there exists a 
dense linear subspace A C V(Z) such that for all / G A, s > there exists a sequence 
{/n}£Li. fn ^ ^(Z), satisfying the following conditions: 

a) lim ||FM(1)/-/»||=0. 

b) The sets {Zf*}™ =1 and {/*}~ x are precompact. 

Proof of Theorem \5.4\ (=>■) If operator Z is closable and its closure is a generator of Co- 
semigroup, then, by Chernoff's Theorem, it is enough to put A = V(Z) and choose 
sequences {fn}^=^ fn e A, s > 0, such that there exist the limits lim /* = exp (sZ)f, 

lim Z/ n s = Zexp(sZ)/. 

n— +00 

(-<=) From condition (a) it follows that {F^^)/}^^ is precompact for each / e A and 
s > 0. Then, by the density A in X, {F^d)/}^ is precompact for each / G X and 
s > 0. Fix / G A. As in the proof of Theorem 15.21 we can choose an increasing sequence 
{9n}n=i such that there exist the limits lim F^ s l (-*-)/, lim ZP , lim F^(-*-)/f and 
lim F^](-L)Z/ fc s for each s, I G [0, 00) n Q and k G N. Let 

B = span {{/} U {Zf s k \k G N, s G [0, 00) n Q} U G N, s G [0, 00) fl Q}}. 

Then it follows from Lemma l5T2l that there exists the limit lim F^ diS ^(t/di)g for any s > 0, 

i— >oo 

gGB. Define 

T s ^= lim F^ 9£B. 

By condition (a), there exist the limits lim = T s / and lim Z/ s for each s G [0, 00) fl 
Q. So, by the closability of Z, T J G V{Z) n B and 



lim Z/; n = F'(0)T J G B 
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for any s G [0, oo) fl Q. Thus, by part (c) of Lemma Hx2l we get 

(TJ)1 = ZTJ 

for any rational s > 0. Choose for arbitrary m > a sequence {m^}, mt G Q fl [0, oo), 
such that lim rrii — m. Then 

lim T m J = T m f 

i—*oo 

and 

lim ZT m J = lim (T a f)'f = lim T mi Z/ = T m Z/. 

i— >oo i— >oo i— >oo 

Therefore, by the closability of Z, T m / G P(Z) and 

(TJ)1 = ZTJ 

for all s > 0. Consequently, T s / is a solution of the equation 

/'(«) = Z/(«) 

with the initial condition /(0) = /. Thus, Theorem 15.11 implies that Z is a generator of 
Co-semigroup and, by Chernoff's theorem, 

exp(sZ)/ = lim F(s/n) n f, f G X. 

n— >oo 

□ 

From Theorem 15.41 we get the following result. 

Corollary 5.2. Let £ > 0. Assume that C and D are generators of Co-semigroups 
exp (sC) and exp(sD). Assume also that the following conditions are satisfied: 

i) X>(C) n V(D) is dense in X. 

ii) There exists aGR and M > 1 such that 

||{exp(fC)exp(^D)r|| < Mexp(as^) 

for all n, m G N, s el. 

Then the sum of C and D is a closable operator and its closure is a generator of C -semigroup 
iff there exists a dense linear subspace A C V{C) fl T>(D) such that for all / G A, s > 
there exists a sequence {/^}^L 1 , G 2^(C) flD(D), satisfying the following conditions: 

a) lim ||(exp(|C)exp(£D))M/-/*|| = 0. 

b) The sets {/«}~ x and {(C + D)/'}~ _ x are precompact. 
Furthermore, if conditions (a)-(b) are satisfied, then 

exp (a(C + D))/ = lim {exp (^C) exp (^D)} n /, s > 0, 

for all / 6X. 

If X is a reflexive separable Banach space or a Hilbert space, then the formulations of 
Theorems 15.21 15.31 and Corollary 15.11 can be considerably simplified and, by Statement 
12.21 we get the following Corollaries of the results mentioned above: 

Corollary 5.3. Let Z : B D T>(Z) — > B be a linear operator, V(Z) be dense in B and 
t > 0. Operator Z is closable and its closure is a generator of C -semigroup iff there exists 
F : [0,oo) ^ £{B) such that: 
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i) F(0) = I and there exists a E R, M > 1 such that ||F m (^)|| < M exp(asf) for all 
n, m G N and s > 0. 

ii) 2>(F'(0)) D V(Z) and F'(0)/ = Z/, / G P(Z). 

iii) D(F*'(0)) is *-dense in B*. 

iv) There exists a dense linear subspace A C P(Z) such that for any / G A, s > there 
exists a sequence {/ n }^Li, /n E ^(Z) satisfying the following identity 

ton l|F M (i)/-/«ll = 
and, furthermore, {Z/ n }^ =1 is a bounded sequence. 

Furthermore, if conditions (i)-(iv) are satisfied, then exp (sZ)f = lim F(s/n) n f, s > 0, for 

n— >oo 

all f E B. 

Corollary 5.4. Let Z : £> D P(Z) — > <S be a linear operator, £>(Z) be dense in $ and 
£ > 0. Assume that there exists F : [0, oo) i— > such that the following conditions are 

satisfied: 

i) F(0) = I and there exists a E R, M > 1 such that 

||F m (^)|| <Mexp(a S f) 

for all n, m G N and s > 0. 

ii) P(F'(0)) D P(Z) and F'(0)/ = Z/, / G P(Z). 

iii) X>(F*'(0)) is *-dense in B*. 

Then operator Z is a closable operator and its closure is a generator of Co-semigroup iff there 
exists a dense linear subspace A C V(Z) such that for any / G A, s > there exists a 
sequence {f n }™ =1 , fn E V(Z), satisfying the following identity lim ||FM(i)/ _ / n || = 

n^oo 

and, furthermore, {F' (0) f n }%Li is a bounded sequence. 

Corollary 5.5. Let t > 0. Suppose that C and D are generators of Co-semigroups 
exp(sC) and exp(sD) in B. Assume also that the following conditions are satisfied: 

i) D(C) nP(D) is dense in B. 

ii) D(C*)nP(D*) is dense in B*. 

iii) There exists a G R, M > 1 such that the following inequality holds 

||{exp(^C)exp(^D)n| < Mexp(as^) 

for all n, m G N, s > 0. 

Then the sum of operators C and D is a closable operator and its closure is a generator of 
Co-semigroup iff there exists a dense linear subspace A C V(C) R V(D) such that for any 
/ G A, s > there exists a sequence {/ n }£Li. /n E T>(C) fl P(D), satisfying the following 
conditions: 

a) lim ||(exp(iC)exp(£D))H/_/J| = o. 

n— >oo 

b) {(C + D)f n }^ =0 is a bounded sequence. 
Furthermore, if conditions (a)-(b) are satisfied, then 

exp (s(C + D))/ = lim {exp (^C) exp (fp)} n f, s > 0, 

n— >oo 

for all f EB. 

Remark 5.1. If operators iC and iD are self-adjoint, then conditions (ii), (iii) in 
Corollary \5.5\ can be omitted. 
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